Electron-phonon coupling (EPC) in bilayer graphene (BLG) at different doping levels is studied by first-principles calculations. The phonons considered are long-wavelength high-energy symmetric (S) and antisymmetric (AS) optical modes. Both are shown to have distinct EPC-induced phonon linewidths and frequency shifts as a function of the Fermi level EF . We find that the AS mode has a strong coupling with the lowest two conduction bands when the Fermi level EF is nearly 0.5 eV above the neutrality point, giving rise to a giant linewidth (more than 100 cm −1 ) and a significant frequency softening (∼ 60 cm −1 ). Our ab initio calculations show that the origin of the dramatic change arises from the unusual band structure in BLG. The results highlight the band structure effects on the EPC in BLG in the high carrier density regime. [3] , and the breakdown of the adiabatic (Born-Oppenheimer) approximation [4, 5] have been reported. It is expected that even more intriguing effects should be found in AB-stacked bilayer graphene (BLG) where both the band structure and the doping level (i.e., the Fermi level E F ) can be tuned through the applied electrical gates [6] [7] [8] [9] , allowing for the control of a delicate interplay between electrons, phonons, and photons [10] [11] [12] [13] [14] [15] . Previous investigations mainly focused on situations with charge carriers near the charge neutrality Dirac point E D (i.e., |E F − E D | <0.4 eV) [10] [11] [12] 15] . In this energy range, phenomena such as the phonon mode renormalization, Raman broadening, and the phonon frequency shift induced by EPC have been successfully predicted by a simplified tight-binding (TB) model and effective mass theory [13, 14] .
Electron-phonon coupling (EPC) is an important effect in monolayer graphene (MLG) [1] . Interesting phenomena such as the renormalization of the phonon energy [2] , the Kohn anomalies [3] , and the breakdown of the adiabatic (Born-Oppenheimer) approximation [4, 5] have been reported. It is expected that even more intriguing effects should be found in AB-stacked bilayer graphene (BLG) where both the band structure and the doping level (i.e., the Fermi level E F ) can be tuned through the applied electrical gates [6] [7] [8] [9] , allowing for the control of a delicate interplay between electrons, phonons, and photons [10] [11] [12] [13] [14] [15] . Previous investigations mainly focused on situations with charge carriers near the charge neutrality Dirac point E D (i.e., |E F − E D | <0.4 eV) [10] [11] [12] 15] . In this energy range, phenomena such as the phonon mode renormalization, Raman broadening, and the phonon frequency shift induced by EPC have been successfully predicted by a simplified tight-binding (TB) model and effective mass theory [13, 14] .
Recent progress in fabricating electrolytic [16] [17] [18] and ionic-liquid gates [19] provides the possibilities of doping MLG and BLG with ultrahigh charge-carrier densities of |n| > 10 14 cm −2 and of tuning the Fermi level close to the van Hove singularity (VHS) point at M in the first Brillouin zone (BZ) [16, 20] . Such a high carrier density will embark interesting technological applications including supercapacitors [21] , transparent electrodes [22] , and high performance organic thin film transistors [23] . In this regard, understanding the carrier dynamics will be a crucial step for the potential electronic device applications. Distinct many-body effects and superconducting instability have been observed in doped graphene when the Fermi energy approaches the VHS point [20] . Since superconductivity also occurs in graphene-related systems such as graphite-intercalation compounds (GICs), the study of EPC in BLG might shed new light on the underlying mechanism of superconductivity in GICs [24] [25] [26] . Raman and infrared (IR) spectra are powerful tools to probe the EPC in MLG and BLG by providing the information of the phonon linewidth and frequency shifts as a function of doping and field strengths [4, 5, 11, 12, 27] . Although the aforementioned models [13, 14] are known to work well for low-energy charge carriers, deviations between theoretical predictions and experimental observations become significant when |E F −E D | > 0.4 eV [27] . Such a discrepancy calls for a full consideration of band structure effects from first principles, as the electronic structure in this regime is expected to be considerably modified from its low energy part.
In this work, we show that the band structure of BLG at high doping levels plays a critical role in the EPC of the two long-wavelength high-energy symmetric (S) and antisymmetric (AS) optical modes in the high carrier density regime. For both modes, the linewidth γ exhibits a dramatic dependence on the electron and hole doping level. In particular, the AS (E u ) mode exhibits a giant EPC-induced phonon linewidth (more than 100 cm −1 ) and significant softening (60 cm −1 ) when the Fermi level E F is 0.5 eV above the neutrality point E D . Despite an intensive study of the EPC in BLG [13, 14, 28] , this feature has not been reported so far. This giant enhancement originates from the strong coupling between the AS mode and two conduction bands. The strong EPC in this high carrier-density regime might affect the performance of BLG-based devices.
The first-principles calculations reported in this work are performed using the Quantum ESPRESSO code [29, 30] . The electronic structure is obtained using the local density approximation (LDA) within the densityfunctional theory (DFT), and the core-valence interaction is modeled by norm-conserving pseudopotentials [31] . The wave functions of the valence electrons are expanded in plane waves with a kinetic energy cutoff of 70 Ry. A vacuum region of 20Å has been introduced to eliminate the artificial interaction between neighboring supercells along the z direction. The relaxed C-C bond length is 1.42Å and the interlayer distance is 3.32Å for BLG.
The phonon frequencies and associated eigenvectors were computed using the density-functional perturbation theory (DFPT) [29] , details of which have been presented in our previous work [32, 33] . The self-energy Π qν (ω) of a phonon with wave vector q, branch index ν, and frequency ω qν provides information on the renormalization and damping of that phonon due to the interaction with other elementary excitations. Following the Migdal approximation, the self-energy induced by the EPC in BLG reads [13] :
where ǫ mk is the energy of an electronic state |mk with crystal momentum k and band index m, f (ǫ mk ) the corresponding Fermi occupation, and η a positive infinitesimal. For a given mode ω = ω 0 , the phonon linewidth is γ = −2Im(Π qν (ω 0 )) and the phonon frequency shift is ∆ω
where δV scf ≡ V scf (u ν q ) − V scf (0) is the variation of the self-consistent potential field due to the perturbation of a phonon with wave vector q and branch index ν. Variations of the potential field δV scf are calculated through self-consistent calculations to find the potential field for both perturbed and unperturbed systems. The perturbed phonon mode is handled with the frozenphonon approach [33] . The DFT calculations have been carried out on a dense 201×201 k-grid within a minizone (0.4×0.4) enclosing the BZ corner K in the reciprocal space. This is equivalent to 500×500 k-grid sampling in the whole Brillouin zone. Finally, the EPC matrix elements are computed using Eq. (2). By changing the Fermi level E F in Eq. (1), we can investigate the dependence of γ and ∆ω on different doping levels, assuming the EPC matrix elements are unchanged. This approximation is justified by the small dependence of the EPC matrix elements on doping for the Γ phonon modes in graphene [34] . For all the linewidths calculated below, we used a parameter η = 5 meV.
In Fig. 1 we show the band structure of BLG obtained by the TB model (with only nearest-neighbor (NN) interactions) and DFT calculations. For BLG, the low-energy dispersions within a TB model can be well described by E(k) = ±t 2 /2 ± t 2 2 /4 + t 2 1 |f (k)| 2 , with t 1 = −2.7 eV and t 2 = 0.36 eV, the intralayer and interlayer hopping parameters, respectively [35] . The low-energy parabolic dispersions predicted by the TB model are in agreement with the DFT result. Nevertheless, there is still a noticeable difference: In Fig. 1(b) , the band dispersions have an evident asymmetry between the conduction and valence bands, while the TB model shows nearly symmetric band structure relative to the neutrality point [ Fig. 1(a) ]. This electron-hole asymmetry for the low-energy charge carriers has already been revealed by infrared spectroscopy [7] and becomes more significant for the high-energy carriers. In particular, our first-principles calculations predict that there is a crossing between the two conduction bands (c1, c2) at about 0.1×2π/a 0 from K along the K-M direction in the BZ [36] . The energy is around 1.0 eV above the neutrality point, as shown in Fig. 1(b) . This feature is not captured by the simple TB model, indicating the necessity of first-principles calculations. As we will show later, the band structure plays a crucial role in understanding the physics of high-energy charge carriers.
The asymmetric band structure of BLG has important implications on the phonon linewidth and frequency shift because the S and AS modes couple with different bands in BLG [33] . As indicated in Fig. 1(b) , the allowed transitions [i.e., nonzero EPC matrix elements in Eq. (2)] for the S mode are transitions I (v1-c1), II (v2-c2), V (v1-v2), and VI (c1-c2). In contrast, the AS mode only couples with transitions III (v1-c2), IV (v2-c1), V (v1-v2), and VI (c1-c2). When E F is tuned to be 0.5 eV above the neutrality point, the transition VI becomes active because the energy requirement is satisfied. On the other hand, the crossing of the two conduction bands (c1, c2) in this energy range provides a larger electronic phase space in the Brillouin zone for the phonon mode to couple with, as will be shown later. As a result, the linewidth of the AS mode is expected to be significantly enhanced.
In Figs. 2(a) and 2(b) , we show the calculated linewidths for the S and AS modes with respect to E F . The S and AS modes ( ω 0 ∼0.2 eV) considered in this work have been schematically shown in the insets. The corresponding frequency shifts ∆ω are presented in Fig. 3(a) and 3(b) , respectively.
In the low doping regime with |E F − E D | < ω 0 /2 ∼ 0.1 eV, the S mode can be in resonant coupling with the electron-hole pair from the the top valence band (v1) and the bottom conduction band (c1). As a result, the linewidth of the S mode is constant, as depicted in Fig. 2(a) . In contrast, the AS mode has a negligible linewidth in this range. Our calculations of phonon linewidth and frequency shift in this energy region reproduce the features found in previous DFT calculations [28] and agree reasonably well with the experimental data [11] . This is also consistent with a previous study based on a continuum model [13] .
In comparison, dramatic differences are found for the ultrahigh electron doping when E F − E D > 0.5 eV. The calculated γ for the AS mode is significantly larger than that of the S mode. For example, when E F − E D = 0.70 eV, γ is 150 cm −1 for the AS mode, around 20 times larger than that of the S mode (8.0 cm −1 ). Correspondingly, there is a significant softening (∼ 60 cm −1 ) for the frequency shift when E F =0.6 eV, as shown in Fig. 3(b) . Further increase of the Fermi level will result in an even more significant increase of the phonon linewidth (not shown). In contrast, the phonon softening becomes smeared out as E F increases. Although such a doping level requires large electron densities, it may be achieved either by directly applying electrical gate in experiment [17] or by chemical doping [20] . For E F − E D = 0.5 eV, the desired electron density in BLG is estimated to be n ∼ 6×10 than the doping limit achieved in monolayer graphene (∼ 4×10
14 cm −2 ) [16] . Therefore, we expect that this high electron doping regime will be realized in experiment [17] and that the giant phonon linewidth as well as the significant phonon mode softening may be verified by Raman or infrared measurements.
This giant linewidth enhancement mainly arises from the large phase space associated with the high doping range. In Fig. 4 we plot the joint density of states (JDOS)
as a function of E F . The JDOS increases dramatically when the Fermi level is in the range of E F − E D > 0.5 eV, which allows more electronic states to couple with the phonon modes. The profile of N (E F ) is similar to the phonon linewidth profile of the AS mode, indicating that the giant enhancement is mainly an electronic structure effect.
In summary, our first-principles calculations find that the phonon linewidths and frequency shifts for the long-wavelength high-energy optical modes in bilayer graphene exhibit a distinct dependence on the electron and hole doping due the intriguing interplay between the unique band structure and the phonon modes in this system. In particular, we predict that the linewidth for the antisymmetric mode could be significantly enhanced when the Fermi level is tuned to be 0. 
